In a nonlocal reaction-diffusion model in combustion theory the reaction function invol.ies a physical parameter 4 which is a measure of the strength of the reaction mechanism. The purpose of this paper is to show the existence of a critical value o* such that for u < o* a unique global time-dependent solution exists and converges to a steady-state solution as I + cc, and for o > CJ* the solution blows-up in finite time. A characterization as well as upper and lower bounds of n-* are given.
INTR~DUCTT~N
In the combustion theory of thermal explosion an extended model for the temperature distribution in a bounded domain Q in [w" is given by the integro-parabolic boundary value problem (cf. [3, 51) u, -DV3, = g e""".
Cl dx' 1 (f>O, XEQ) Bu = a(x) au/av + fl(x)u = h(x) (l>O, XEaQ) (1.1) 40, x) = &I(-~) (XEQ), where D, (T, and y are positive constants, h is a nonnegative constant, and a/& denotes the outward normal derivative on LX?, the boundary of 52. The boundary functions X(X), p(x), and h(x) are nonnegative with either M(X) s 0, b(x) > 0 (Dirichlet condition) or E(X) > 0, p(x) 2 0 (Neumann or Robin condition). It is known that when b = 0 and h = u0 = 0 there exists a critical value (r* such that for 0 < C* a unique global solution u(t, x) to ( 1.1) exists whilst for CJ > C* the solution u( t, X) blows-up in finite time (cf. [2, 4, 6, 91) . In this paper we extend the global existence and blowing-up property of a solution to the problem (1.1) where b, h, and u(, are has a positive solution U,(X); and when u0 6 u,, including u0 = 0, the timedependent solution of (1.1) converges to U,(X) as t -+ a. All these results are shown for the boundary condition which can be either Dirichlet type or Neumann-Robin type. As in the case h = 0 the critical value c* for the present problem is determined by the existence or nonexistence of a positive solution to (1.2). We characterize the value of o* and obtain upper and lower bounds for cr* as well as for the blowing-up time T*.
The global existence and the blowing-up behavior of the solution for the case b = 0 have been investigated by many researchers but are mostly for the Dirichlet boundary condition or for the case h(x) = 0 (cf. [2] [3] [4] [5] [6] [7] 99111 ). The work in [2] summarizes much of the results for the Dirichlet boundary condition with u,, = 0, whilst those in [ 10, 111 are devoted to various conditions on u0 under the Robin boundary condition. In this paper we consider both type of boundary conditions, as well as an arbitrary nonnegative boundary function h(x), including h(x) G 0. Since our results hold true for the case h = 0, the above consideration improves some of the conclusions in the earlier work in the above references.
THE MAIN RESULTS
To ensure the existence of a classical solution to (1.1) and (1.2), we assume that the boundary 8.Q and the given functions, z, j, h, and u0 are sufficiently smooth, and when cx =0 the compatibility condition /3u0 =h holds on &E?. Consider the steady-state problem (1.2). Since the function (2.1) is nondecreasing in U(X) and is Holder continuous in 0 whenever UE C"(Q) the sequence { ~6")) given by the iteration process is well defined, and &)E C2+'(Q) for every k = 1, 2, . . . . when u"))E Cz(,Q) (cf. [ 11) . Suppose Problem (1.2) has a positive upper solution G,, that is, ii,Y satisfies the relation -DV2ii,30 [e;'"$+b Ja e'"~l")rlr'] in Q
Bii, 3 h(x) on dSZ.
By the well-known monotone argument for elliptic boundary value problems the sequence given by (2.2) with U(O) = ii, converges monotonically from above to a maximal solution U,(x) of (1.2) (cf. is well defined and is positive. Moreover, since every positive solution of (1.2) is a positive upper solution of the same problem with b = 0, and since the problem with b=O has no positive solution when D is large, the constant G* must be finite. This observation leads to the following conclusion. contradicting the negative minimum property of u(t,, x,,). Knowing (to, .Y~)ED, we have r,(t,, x,)dO, rY,JtOr ,q,)>O and hence (~~)(hl, -4 G (;! -c,(t,, -%)) u(t,, x0).
In view of (2.8) (7 -c,(bb x0)) u(hl, x0) 3 J c2(t0, x') u(t,, x') dx' > C, IQ u(t,,, x,,). where r](t, X) is an intermediate value between g(t, x) and g(t + 6, x). By an application of Lemma 1 with c, = ayeyV". ') and cZ = hayeYV". " we have w 3 0 on Dr. This shows that for each x E 0, u( t, x) is nondecreasing in t, and therefore g(t, x) converges to some function u,(x) as t + CG. Using the argument in [ 131 the limit U,(X) is a solution of (1.2) and 0 < u,,(x) <g,(x). The minimal property of _u,~(x) implies that u,(x) = u,(x) in ST. Now for 0 d u0 d _u, the pair g,(x) and g(t, x) are upper and lower solutions of ( 1.1). This ensures that the corresponding solution u(t, x) satisfies g(t, x) < u(t, X) < g,(x); and therefore u(t, x) + g,(x) as t + co, which proves the conclusion in (i).
(ii) It is clear that when 0 > D* no positive solution to (1.4) can exist. Moreover, the above proof shows that the solution g(t, x) corresponding to u0 = 0 is strictly increasing in t. Hence there exists T* < m such that g(t, x) -+ co at some point in 0 as t -+ T*, for otherwise, u(t, X) would converge to a positive solution of (1.2), contrary to the hypothesis c > LT*. Since for any u0 3 0 the corresponding solution u(t, x) satisfies u(r, X) 3 _u(t, x), it suffices to show that T* is finite when u,, = 0. Define 4(r) = IQI (2.13) where ~(0, x) = 0. In view of ( 1.1) (c) For c < G* a unique global solution u(t, X) to (1.1) exists and converges to the minimal solution u,~ of (1.2) when u. <_u,. In the case no < U,, where U, is the maximal solution of (1.2), the pair ii = U, and li = 0 are upper and lower solutions; and therefore a unique global solution u(t, X) to (1.1) also exists and 0 < u(t, X) 6 U,(X). It is not clear in this situation whether the solution u(t, X) converges to a steady-state solution as t+ a. However, ifu,(t,,.u)aO in SL at some t, >O then u(t,,.u) is a lower solution of (1.2), that is, V(X) E u(t,, x) satisfies In this situation, u(t, X) is nondecreasing in t for t > r, , and therefore it converges to a steady-state solution as r + cxj. The proof of this conclusion follows from the same reasoning as in the proof of Theorem 2.
(d) All the conclusions in Theorem 1, Theorem 2, and the above remarks hold true for the case b =O. Therefore, these results are directly applicable to the classical thermal explosion model considered in [2-7, 10, 111. 
